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Abstract 



By employing an exact back-reaction geometry, Helliwell-Konkowski stability 
conjecture is shown to fail. This happens when a test null dust is inserted to 
the interaction region of cross-polarized Bell-Szekeres spacetime. 

I. INTRODUCTION 

Some time ago Helliwell and Konkowski (HK) [1], developed a Cauchy horizon (CH) 
stability conjecture that uses test fields to predict the instability and type of the singularity 
that forms. Then a complete non-linear back reaction calculation would show that this type 
of singularity occurs. The CH stabihty conjecture due to HK is defined as follows. 

Conjecture 1 For all maximally extended spacetimes with CH, the backreaction due to a 
field (whose test stress-energy tensor is T^i,) will affect the horizon in one of the following 

manners. ajlfTj^, T^i,T^^ and any null dust density p are finite, and if the stress energy 
tensor Tab in all parallel propagated orthonormal (PPON) frames is finite, then the CH 
remains non-singular. bJIfTjf, T^^T^^ and any null dust density p are finite, but Tab diverges 
in some PPON frames, then a non scalar curvature (NSC) singularity will be formed at the 
CH. cJIfTj^, Tfj,i,T^^ and any null dust density p diverges, then an scalar curvature (SC) 
singularity will be formed at the CH. 

In ref.[2] (and references therein) the stability conjecture has been tested for several 
spacetimes. Among others the exceptional case occurs in the Bell-Szekeres (BS) [3] spacetime 
which describes the collision of two constant profile electromagnetic (cm) waves that results 
in a non-singular interaction region. It was shown that, when an impacting test em field 
is added to one of the incoming regions of the BS spacetime, the conjecture predicts a non 
scalar curvature singularity (NSCS). However, the exact solution due to BS possesses a CH 
in the region of interaction and quasiregular singularities at the null boundaries. To our 
knowledge, this was a single example shown by HK to signal the failure of this conjecture. 
In this paper, we further test the validity of this conjecture in the interaction region of 
colliding plane wave (CPW) spacetimes admitting two hypersurface non-orthogonal Kilhng 
vectors. For this purpose, we use the cross-polarized BS (CPBS) [4] solution and the outcome 
of the conjecture is compared with an exact back reaction solution. Our analysis verifies the 
failure of the conjecture in predicting the type of the singularity for this case too. 
The paper is organized as follows. In section II, we review the CPBS solution and as a 
requirement of the conjecture we insert oppositely moving test null dust in the interaction 
region of CPBS spacetime. In section HI, we present an exact back-reaction geometry that 
represents the collision of null shells (or impulsive dusts) coupled with CPBS spacetime. 
The paper is concluded with a conclusion in section IV. 

II. TEST NULL-DUST IN THE SPACE OF CPBS SPACETIME 

The metric that describes collision of em waves with the cross polarization was found to 
be [4] 
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ds^^F[:^-^)- AFdy' - ^{dx - qrdyf (1) 




In this representation of the metric our notations are 

r = sin(aM + hv) 
a = sin (a?i — hv) 
A = 1 - 
(5 = 1 - (T^ 



2F= ^l + g2(i + a^) + 1-^^ (2) 

in which < 5 < 1 is a constant measuring the second polarization, (a, h) are constants of 
energy and {u, v) stand for the usual null coordinates. It can be seen easily that for g = 
the metric reduces to BS. Unlike the BS metric ,however, this is conformally non-fiat for 
(ti > 0,v > 0), where the conformal curvature is generated by the cross polarization. As a 
matter of fact this solution is a minimal extension of the BS metric. A completely different 
generalization of the BS solution with second polarization was given by Chandrasekhar- 
Xanthopoulos [5]. Their solution, however, employs an Ehlers transformation and involves 
two essential parameters which is therefore different from ours. Both solutions form CH in 
the interaction region. 

Our main interest here is to test HK stability conjecture in the CPBS spacetimes. In doing 
this, we insert oppositely moving test null dusts in the CPBS spacetime. For simplicity we 
consider two different cases, the x — constant and y — constant projections of the spacetime. 
We have in the first case {x — constant), 

-M 

ds" = (dt" - dz") - e-^-^coshW dy^ (3) 

where we have used the coordinates (t, z) according to 

t — au + bv 

z — au — hv (4) 

The energy-momentum tensor for two oppositely moving null dusts can be chosen as 

Tfj,,, = pil^lu + Pnn^n^ (5) 

where pi and p„ are the finite energy densities of the dusts. The null propagation directions 
and are 

= (00,0,02,03) 
Uf, = (-oo, 0, 02, 03) 



with 



02 = K2 = constant 03 — — - = constant 

2ab 
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1 

2ab 



2 2abkl uj^y_j^ 
."'^ coshW^ 



1/2 



We observe from (1) that 



:,U+V 



coshW AF^ + 5q^r^ 



(6) 



which is finite for q ^ 0. Following the requirement of the conjecture, we find the trace and 
scalar of the energy-momentum as 







2„M 



kfe 



ah 



+ 



coshW I 



— finite 



(7) 



The scalar T^^T^" reveals that as r — 1 it does not diverge and remains finite. Note that 
for a linear polarization (i.e. q = 0), the scalar T^j^^T^" diverges as the horizon is approached 
indicating SCS. This particular case overlaps with the work of HK in ref. [2]. In our case, 
we use a non-linear ly polarized metric and the outcome confiicts with the result of HK. 
Next we consider the energy-momentum tensor in the parallel- propagated orthonormal frame 
(PPON). Such frame vectors are 



6(0) = (^/2^e^/^ 0, 0, 



u-v 



u+v 



^0, e— cosh W/2, e— sinh W/2, 
ej^) = (O, sinh W/2, cosh W/2, o) 
6^3) = (O, 0, 0, V2^e^/2) 

and the energy momentum tensor in this frame is given by 



(ab) 

Then the non-zero components of T(^ab) are; 



(8) 



(9) 



J- 00 

Toi 
Tn 



coshVF 

Tio = 



+ 



2ab 



{Pl + Pn) 



T20 
T30 



kl (cosh W -I) 
kl (cosh W + 1) 



2 ^ 1 



2 cosh 



Aah 



1/2 



{pl - Pn) 



2 cosh ^ 



4a6 



1/2 



{Pl - Pn) 



kie 



M 



2ab 



2abl4c''+''-^ 
coshH^ 



+ kl 



1/2 



{pl - Pn) 



1.2 {7+y 

^^{cOshW-l){pi+Pn) 
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Ti3 = T31 = J^e(^+^+^)/^ sinh WI2 {p, + p^) 
yzab 

T2S = ^32 = cosh (p, - p„) 



2,2 M 

r33 = ^(p^ + Pn) (10) 

Careful analysis of these components shows that some components like ( Tqi, T02, Tu, T13, T23 
) diverge as r — 1 . Consequently the conjecture predicts that the CH is unstable and trans- 
forms into an NSCS. 

By a similar procedure we investigate the y = constant projection of the spacetime and 
obtain that none of the energy- momentum scalars diverges in the interaction region. 



III. THE GEOMETRY OF NULL SHELLS WITH CPW. 

In this section we present an exact back-reaction solution of two colliding null shells ( 
or impulsive dusts) coupled with the CPBS spacetime. The combined metric of CPBS and 
colliding shells can be represented by[6] 

^ -^dslpss (11) 

where = 1-1- au9{u) + (3v9{v) with (a, (3) positive constants. This amounts to the substi- 
tutions 

M = Mo 2 In 
[/ = C/o + 21n(/) 

W^Wo (12) 

where (Mq, Uq, Vq, Wq) correspond to the metric functions of the CPBS solution. Under 
these substitutions the scale invariant Weyl scalars remain invariant ( or at most multiplied 
by a conformal factor ) because M — U = Mq — Uq is the combination that arise in those 
scalars. The scalar curvature, however, which was zero in the case of CPBS now arises as 
nonzero. The Weyl and Maxwell scalars of the new solution are given in the Appendix. 
It is clearly seen that, the scalar curvature diverges as r — > 1 ( or equivalently au+bv ^ n/2). 
It is further seen by choosing P — 0, that even a single shell gives rise to a divergent back 
reaction by the spacetime. The horizon, in effect, is unstable and transforms into a SCS in 
the presence of colliding shells or even a single propagating null shell. 



IV. CONCLUSION 

In this paper, we have tested the HK stability conjecture in the CPBS spacetime. Similar 
analysis was done by HK for the BS spacetime (linear polarization). However they were un- 
able to compare their results with an exact back-reaction solution. We confirm their results 
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by taking the limit as g ^ 0. The hne element (1) reduces to the BS and the expression 
(6) that appears in equation (7) diverges on the horizon ( r = 1) indicating an SCS. For 
a linearly polarized metric (which is BS ) the conjecture finds correctly the nature of the 
singularity. But for non-colinear polarization (which is the CPBS ) the conjecture predicts a 
NSCS. whereas the exact back- reaction solution indicates SCS. Therefore, the HK stabihty 
conjecture fails to predict the correct nature of the singularity in the non-colinear metrics. 
Recently, we have also shown [7] that, the inner horizon of Kerr- Newman black hole, displays 
a double character with respect to different perturbing potentials. In the case of null dust we 
have shown that the inner horizon is transformed into a spacelike SCS, however, the inclu- 
sion of particular scalar fields creates null singularities on the inner horizon of Kerr-Newman 
black hole. All of these outcomes are supported with exact back-reaction solutions. 
Our overall impression about the conjecture is that it can be used to check the instability 
of the CHs, but is not reliable in determining the type of the singularity. 



The non-zero Weyl and Maxwell scalars for the collision of null shells in the background 
of CPBS spacetime are found as follows. 



APPENDIX: 
THE WEYL AND MAXWELL SCALARS 



*2 



(*2)(CPS5) 



(13) 



^^4 



{^4) (CPBS) 



(14) 







i^o) (CPBS) 



(15) 
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[{aP + ab) tan(aw -|- bv) 



+{aP — ab) tan(axi — bv)] 9{u)9{v) 



(16) 



40e-^A 



[(a/? -|- ab) ta.n{au + bv) + {af3 — ab) tan(aw — bv) 



Aa(5 



0{u)e{v) 



(17) 





(18) 
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where 



$00 = ($oo)cPBS + ( —J- 1 [S{v) 







+9{v) l^U - 

^02 — {^02)CPBS + 



{1 - U'^){1 - V^) 



0=1 + au9{u) + /3t;6'(f ) 

Q = b 2q^ sin(ati + bv) cos{au — bv) — {tan{au — bv) + tan(ati + bv)) 



—2F cos{au — bv) sin{au — bv) ^^^T-l-g^ _ i 



P = a 



2q^ sm{au + bv) cos{au — bv) + (tan(ati — bv) — tan(ati + bv)) 



+2F cos{au — bv) sin(ati — bv) (^^Jl + — 1 



y = ( 1 + — tan(aii + bv) sin{au + bv) cos{au — bv) ) 



\ 1/2 



^Jcos{au + bv) cos{au — bv) 



cos (aw — bv) 
cos{au + bv) 



+ sin 2au 



2 + — 1^ sin(aM + hv) cos{au — bv) tan(au — bv) 



y'cos(aM + bv) cos{au — bv) 



F 

cos{au — bv) 
cos{au + bv) 



+ sin 2bv 



2 (^^/T+~q^ — 1^ sin(aw + bv) cos{au — bv) tan(aw — bv) 

F 

(x/TTF - sin(2aM - 2bv) 
VI + + 1 + (yi + - l) sin^(aii - bv) 

and the subscript (CPBS) refers to the expressions given in ref. [4]. 



(19) 



(20) 
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